A REMARK ON BASES AND REFLEXIVITY
IN BANACH SPACES()

BY
M. ZIPPIN(?)

ABSTRACT

Let X be a Banach space with a basis. It is proved that if (a) all bases of X are
shrinking, or (b) all bases of X are boundedly complete, then X is reflexive.

1. Intreduction. A basis {x,},%>; in a Banach space X is called shrinking,
if for every fe X*

lim [sup . l/mf =o.

n=o0 ||x[| =1, xelxili=n+1

(For any sequence {y;};2, [y:]i2 denotes the closed linear subspace spanned by

{y:}i21) A basis {x,}n=, is called boundedly complete if for any bounded se-
quence { X1 ax;}%, L%, ax; converges in X. A sequence {y;},Z, in X is
called a basic sequence if it forms a basis in [y,]2,.

R. C. James proved ([2], Theorem 1) that a Banach space X with a basis
{x,}s% is reflexive if and only if {x,};-, is both shrinking and boundedly com-
plete.

I. Singer [3] investigated the connections between reflexivity and some pro-
perties of basic sequences. He proved the following result (which is a part of [3]
Theorem 2 and Corollary 1).

ProPOSITION. Let X be a Banach space with a basis. Then the following pro-
perties are equivalent:

() X is reflexive;

(2) Every basic sequence in X is shrinking;

(3) Every basic sequence in X is boundedly complete.

I. Singer raised the question, whether the Proposition remains true if we re-
place “‘basic sequence” by ‘‘basis’’ in (2) and (3). (A similar question was raised
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by J. R. Retherford in [4].) Using an idea of [3] we show in this paper that the
answer is positive.

2. Preliminary lemmas. We begin with a few, essentially known, simple lemmas
and give their proofs for comp’eteness.

LevMa 1. Let X and Y be two (n—1)-dimensional subspaces of an n dimen-
sional Banach space E. Then there exists a linear isomorphism T from X onto
Y such that for every xe X

&) Hxl = 7] < 3] ]

Procf. As is well known, there exists a projection P (resp. Q) from X (resp. Y)
onto its (n—2) dimensional subspace X n Y with “P" <2 and “ I-—- P” =1
(resp. ” 0) “ <2 and “ I-9 " =1). Let x, (resp. yo) be a unit vector in X (resp.
Y) such that P(y;) =0 (resp. O(yo) =0). The transformation T from X to Y
defined by T(m + axy) =m +ay, for any real a and me X NY is obviously
linear. Moreover

| Tt +axo)| = |m +ayo| = |m] +|a]
= ” P(m +ax0)” + ”(I—P)(m +axo)” < 3”m + ax, ”
Similarly, | m +axo| < 3||m +ay,| =3| T(m + ay,)|. This proves (1).

Lemma 2. Let {x,},2, be a basis in a Banach space X. Assume that for
each k=1 {y;}2% )1 is a basis of [x,1,2% 602 1 where {p(k)}y-, is an increasing
sequence of nonnegative integers and p(1) = 0. Assume further, that there exists
an M >0 such that for any k, any sequence {a; i"i’:,fk))lﬂ of scalars and

pky<m<n=pk+1

n

T

1=pk)+1

(3] ﬂ % a;y; ”

i=pk)+1

IIA

Then the sequence {y;}7=, forms a basis in X.

Proof. Obviously [y;};2; =X. Since {x,}5-, is a basis there exists some
N 2 1such that for any sequence {¢};/2; and s 2 r | X ex | S N| Zioyex .
Assume that j < m, p(j) <r £ p(j+1) and p(m) < s £ p(m + 1); let

Pt )i 1bx; be the representation of X.2%E1) . a.y, with respect to the
basis {x,}o=; k =1,2, 3,-,m — 1 and 24001, bx, the representation of
2o pem+1 @i, then we have, by (2),
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r ) s P r |
" Z a;y; h Y l Z a;y; H + “ 2 aiyi “
i=1 i=1 i=p(H+1
480 PU* 1)
é E b; iXi “ + M I a;y; “
i=p(/)+1
pim+1) rGit+1)
< NI, Z bx; “ +U+NM | X ay, ”
i=1

< 2N(1 + N)M “ E b,x “ = 2N(1 + N)M “ Z ay; “

The last inequality (which is obviously true in the case j =m) is valid for every
sequence {a;};2, and s = r. Hence, {y;};=, is a basis in X.

Lemma 3.  Let {x,}.=, be a basis in a Banach space X. Assume that
Ve = L ax; where {p(k)}7-, is an increasing sequence of positive in-
tegers, p(1) =0 and y,# 0. Then there exists a basis {z;};2, in X such that

foreach k21, zp441)= Vi

Proof. Obviously, for each k=1 there exists a projection P, from
[x]7%+5 1 onto a (p(k + 1) — p(k) — 1)-dimensional subspace E, such that
Py) =0, | P < 2and |I,~ P|| = 1,k =1,2,3,.... I, denoting the identity
on [x 7%+ By Lemma 1 there exists a lmear isomorphism 7, from

[x1%xi)s+ onto E, satisfying (1). Put
_ {Tk(xi) for piy<ispk +1)—1
Vi for i = p(k +1).

Since {x;};2, is a basis in X there exists an M > 0 such that for any m <n and
ay,az, - ay | Zi-yax;| £ M| Xi-iax;|. Hence for any m < p(k +1) and
any sequence byay+1s bpay+2s s bps 1y

| £ b =] Z sme]ss] 2 ol
p(lH-l) 1 p(k+l) 1
<M| X b, | < oM bz, “
i=pky+1 i= p(k)+1
- om | P,‘( $P b,zi) | = 18M" S bz, l-
i=pk)+1 i=pk)+1

By Lemma 2, {z,};2, is a basis in X.
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3. The main results

TuroREM 1. Let X be a Banach space with a basis {x,}y=,. Assume that
all bases in X are shrinking. Then X is reflexive.

Proof. If X is not reflexive then by the above-mentioned result of R. C. James
([2] Theorem 1) {x,};2, is not boundedly complete. Hence, for a suitable
sequence {a;};2, and some M > 1 we have for every n " Y ax ” < M, while
Y2, ax; does not converge. It follows that there exists an increasing sequence
p(k) of nonnegative integers and a real d > 0 such that
p(k+ 1

4) d<l

ax,-" < 2M.

i= p(k) +1

By Lemma 3, there exists a basis {z;};2; in X with z,, = E’{L";,ﬁ)’ﬂ a;x;
k=1,23,,and d < | z| S 2M, thus there exists a real N > 0 such that for
any m<n and a,a,, -, a,

5 | £ az] <] £ aal.

Denote by {f;};2, the biorthogonal sequence to {z;};-, and define

2 if i plk+ 1)
u = { & .
{f, if izpk+1)
g = .
Sow+1y = Fom+2) if i=pk+1)

It is easy to see that [4;]2, = X and that {u;}i%,, {g;}/=, form a biorthogonal
system, (See [3], Proposition 2).

For any xe X define U, (x) = X', g(x)u;. If p(k)<n < p(k +1) then, by
(4) and (5), changing the order of summations, we get that

n k-1 Jj
[val =] I 5@+ T Urgen® ~Frusa@ T zas »)|

i#p(J)

é f(®)z: " + u- Efp(k+1)(x) Zpm+ 1) — Sow+ (%) " Zpgy II s

IIA

k-1
N- "x“ + lfp(k'!'l)(x)[ : ” m{:lzp(mﬂ)

IIA

N +| foasn |- M| x|
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Since for each i, d < ” z; |] < 2M it is easy to see that the sequence {" fi H Yz, is
bounded by 2N-d~'. Hence |U,(x)| < 2NMd™'- || x|, and therefore by [1]
page 69 (4) {u;};2, is a basis in X. But forevery k = 1,

k
fp(2)(up(k+1)) =fp(2)( 2i=1 zp(i+1)) =1

which means that {u;},_, is not shrinking. This contradiction shows that X is
reflexive, and Theorem 1 is proved.
Using the dual method we prove

THEOREM 2. Let X be a Banach space with a basis {x,},=1. If all the bases
of X are boundedly complete then X is reflexive.

Proof. Assume that X is not reflexive. Then, again by the result of R. C. James
([2] Theorem 1), {x,}~, is not shrinking. It follows that there exists a functional
feX* areal d >0 and a sequence {y,};~, in X such that

plk+1)

©) Vo= X ax, 12|yn]sd k=12,
i=pk)+1

and

™ G =1 for k=1,2,

(p(k) has the same meaning as before).

Denote by E, the subspace {x:xe[x]2%t% 1, f(x) =0} of [x % &)+, and
define for each k=1 and xe[x]?%5 )1 Ru(x) =f(x)y,. R, is a projection
from [x]7%50, | onto the line [y,] with |R.| = || f]| - |»ll £ | flla. 1t fol-
lows from Lemma 1 and the proof of Lemma 3 that there exists a basis {z;},2, in

X and a real M > 1 such that

® 1< |z]s4 i=1,2,3,-

©) Zpw+1) =Yk k=1,2,3,.-

(10 f(z) =0 for every i % p(k) k =2,3,-

(11) “ ﬁ flx) z; H =M H X n for every m and every xe€ X,
i=2

{f}, denoting the biorthogonal sequence of {z;};Z,.

(E, here plays the role of E, in Lemma 3 while I, — R here plays the role of P,.
The proof of our last assertion is the same as the proof of Lemma 3, with one
exception: || P, || <2 while for I, — R, we have [I=Re| £ 14| f]ld)

We define

u; =

{z,- for i#plk) k=3,4,--
Zp (k)_ p (k—1) for i= p(k) k =3,4,“‘
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and {fi for i#ipk) k =2,3,-

f for i = p(2)
& = ] -
Lf— L fuy fori=plk) k=34,
1=2

It is easy to see that [u]2, = X and that {u,;}{%; {g}%, form a biorthogonal
system (see (7) and (10) and [3] Proposition 3).

For each xe X define Q,(x) = X7_,8(x)u;. Using (8) and (11) and changing
the order of summations we have for p(k) < n < p(k + 1)

n k i—-1
“ Qn(x)l = “ El Jix¥)zi +f(0)zp2) + 12=3[f (x) = Ezfp(j)(x)] (Zpay = Zpi-1y) ”
i#p(J)
< | XAz + |/ @z | + 176w - 20 |

k-1
+ [ fow®zpm || + ”(,Ez JoON Zpao |

k-1
S [3Md +3d|f| + "jngp(i)” -] x|
By (7) and (10) for every x = X2, a;z; in X

lim ¥ Soif®) = lim > py = jf: apy = f).
=2

n—=w j=2 n—o j=2

Therefore the sequence {” )2 S ]};”: » is bounded by some K > 0. It follows
that for every xe X and integer n || Q,(x)]|< 3M + 3| f|d +Kd)-| x|. Thus,
{u;};%, forms a basis in X, but this basis is not boundedly complete since

n n
I Z wpprry| =l Z sy — zoa) |
k=2 k=2

= " Zp@2) ~ Zp+1) ” =2,

and X%, u,q+1y does not converge (|| u,+1) [ 2 M ™). This concludes the
proof of Theorem 2.
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